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Abstract

We calculate the Smith normal form of the adjacency matrix of each of the
following graphs or their complements (or both): complete graph, cycle graph,
square of the cycle, power graph of the cycle, distance matrix graph of cycle,
Andrasfai graph, Doob graph, cocktail party graph, crown graph, prism graph,
Moébius ladder. The proofs operate by finding the abelianisation of a cyclically
presented group whose relation matrix is column equivalent to the required
adjacency matrix.
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1. Introduction

The circulant matriz circ,,(ag, - . ., an—1) is the n x n matrix whose first row
is (ag, - .., an—1) and where row (i+1) (0 < i < n—2) is a cyclic shift of row ¢ by
one column. A circulant graph is a graph that is isomorphic to a graph whose
adjacency matrix is circulant. We shall write A(T") for the adjacency matrix of a
graph I'. Given graphs I', TV if det(A(T")) # det(A(I")) (in particular if precisely
one of A(T"), A(T”) is singular) then I''T’ are non-isomorphic. Similarly, if
rank(A(T")) # rank(A(I"”)) then I', I” are non-isomorphic. Singularity, rank, and
determinants of various families of circulant graphs are considered (for example)
in [3],[7],[16],[23].

For an n x n integer matrix M, the Smith normal form of M, written
SNF (M), is the n x n diagonal integer matrix

S = diagn(do, N ,dn,1>

where do,...,d,—1 € NU{0} and d;|d;+1 (0 < i < n — 2) is such that there
exist invertible integer matrices P, @ such that PMQ = S. The matrix S is
unique and may be obtained from M using (integer) elementary row and column
operations. Given graphs I',T” if SNF(A(T")) # SNF(A(I”)) then I',T" are non-
isomorphic. Since also det(SNF(A(T')) = |det(A(T"))| and rank(SNF(A(T")) =
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rank(A(T")) the Smith normal form is a more refined invariant than (the absolute
value of) the determinant and the rank.

The purpose of this article is to calculate the Smith normal form for the
adjacency matrices of various families of circulant graphs. The calculations of
determinant, rank and determination of singularity of adjacency matrices of cir-
culant graphs cited above use a well known number theoretic expression for the
eigenvalues of a circulant matrix and a graph theoretic formula for the determi-
nant of the adjacency matrix of a graph, due to Harary [5, Proposition 7.2]. Our
methods use techniques from combinatorial group theory, namely the applica-
tion of Tietze transformations (the addition or removal of generators or relations
to or from the presentation while leaving the group unchanged) on cyclic pre-
sentations. We now outline our method of proof; for further background we
refer the reader to [14].

Let P = {(xg,...,Zpn-1 | T0,---,"m—1) be a group presentation defining a
group G. For 0 <i<n—1,0<j <m—1let a;; denote the exponent sum of
generator x; in relator r; (that is, the number of times x; appears in r;, counting
multiplicities and sign). The matrix M = (aij) ., 1s called the relation matriz

nx
of P. The abelianization G®P of G can be written in the form
Zs @ ®ZLs, , DL (1)
where 1 < §o|d1]---|dp—1 and p + ¢ < n. These numbers determine the non-

unity diagonal entries of the Smith normal form for the relation matrix of any
presentation of GG; in particular we have

SNF(M) = diag,,(1,...,1,80,...,6,_1,0,...,0).
—

q

Let w = w(xg,...,z,—1) be a word in generators xq,...,x,—1. The cyclically
presented group G, (w) is the group defined by the cyclic presentation
P, (w) = (X0, , Tno1 | Wo,..., Wp_1)

where w; = w(¥i, Tit1,Tit2, .-+ Titr(n—1)) (subscripts mod n). The relation
matrix of P,(w) is the circulant matrix circy, (ag, . .., an—1) where for each 0 <
i < mn — 1 the entry a; is the exponent sum of z; in w(zo,...,z,—1). Thus our
method of proof is as follows. Given a circulant matrix C' = circ, (ag, ..., an-1)
we define a suitable word w(xq,...,%,—1) so that the exponent sum of x; in
w(zo, ..., Tn—1)is a; (0 <i<n—1). We use Tietze transformations to simplify

the presentation to obtain the abelianization G*" in the form (1) and hence
obtain SNF(C).

In principle, our proofs can be written purely in terms of elementary row and
column operations, but cyclically presented groups provide a convenient frame-
work and language within which to operate. We digress from this method of
proof in Section 5 where we make use of multiplicativity results of Newman [17].
For matrices A, B we write A ~ B to mean that B may be obtained from A by
cyclically permuting columns. In Table 1 we summarize the graphs and adja-
cency matrices, and point to the result which gives the Smith form. (We write
T to denote the complement of a graph T'.)



2. Circulant graphs

In this section we review the definitions of various families of circulant graphs
(the webpage [25] is a useful resource for such information) and, where neces-
sary and possible, relabel vertices so that their adjacency matrices are column
equivalent to a matrix of one of the following forms:

F, s =circ,(1,...,1,0,...,0) (1<s<n),
—— N———

F, s r=circ,(v,...,v,0,...,0) (rs—(r—1)<mn,1<r),
——— ——

where v = (1,0, ...,0),
——

r—1

Gy, = circ,(1,0,...,0,1,0,...,0) 0<u<n-—2),
——

——
u n—u—2
H,, =circ,(1,...,1,0,1,...,1,0,...,0) (1<v<|(n=1)/2]).
—— —— ——
v v n—2v—1

Complete graph K,
The complete graph K, has adjacency matrix

circ, (0,1,...,1) ~ Fy n_1. (2)

Its complement consists of n isolated vertices, so its adjacency matrix is the
n X 1 zero matrix.

Cycle graph C,
The cycle graph C,, has adjacency matrix

cire,(0,1,0,...,0,1) ~ Hy 1 = Gy 1 (3)

and its complement has adjacency matrix

cire,(0,0,1,...,1,0) ~ Fp 3. (4)
——

n—3

Distance matriz graph of the cycle graph C?

For a connected graph I' of diameter d with vertices vg,...,v,_1, the i’th
distance matriz A;(T") (1 < i < d) is defined to be the nxn matrix whose (r, s)’th
entry is 1 if d(v,,vs) = ¢ and 0 otherwise. The i’th distance matriz graph of T
is the graph with adjacency matrix A;(T"). The cycle C, has diameter [n/2];
for 1 <i < [n/2] we denote its i’th distance matrix graph by C¥ .



Consider first the case ¢ = |n/2]. If n is even then CE has edges
(Vi Vigns2) (0 < 4 < n —1) so it is the ladder rung graph, which we will
consider separately (see equation (16), below). Suppose then that n is odd.
Then O™/ has edges (Vi, Vit (n—1)/2)s (VisVigms1y/2) (0 <@ <n—1). Since
(2,m) = 1 the map i — 2i is a bijection from the set {0,...,n — 1} to itself.
Therefore we may relabel the vertices according to the rule v; — vo;. Applying
this, the edges become (v;,v;-1), (vj,vj11) (0 < j <n—1), j = 2i. That is,
C,E"/ 2 s isomorphic to the cycle C,, which, again, we consider separately. We
therefore consider the graph C? for 1 < i < |[n/2], in which case it has the
following adjacency matrix (see also [16]):

cire,(0,0,...,0,1,0,...,0,1,0,...,0) ~ Gy 2i—1 (5)
—— N N
i n—2i—1 i—1
and its complement has adjacency matrix
circ,(0,1,...,1,0,1,...,1,0,1,...,1). (6)
—— e N
i—1 n—2i—1 i—1

Power graph of the cycle graph C'?(f)

Given a graph I' and r > 1, the 7 ’th power graph I'"™) of I is the graph with
the same set of vertices as I' and edges (u,v) if d(u,v) <rin I' [20, page 333].
Therefore ([3]) the 7'th power graph ci) of the n-cycle C,, (1<r<|[%]) has
adjacency matrix

cire,(0,1,...,1,0,...,0,1,...,1) ~ H,, (7)
——— —— N —
T n—2r—1 T

and its complement has adjacency matrix

circ, (0,0,...,0,1,...,1,0,...,0) ~ F\ _op_1. (8)
——— N N —
r+1 n—2r—1 r

In particular, the square of the n-cycle, C’T(L2) has adjacency matrix

circ,,(0,1,1,0,...,0,1,1) ~ H,, 5 (9)
———

n—>s
and its complement has adjacency matrix

cire, (0,0,0,1,...,1,0,0) ~ Fpp_s. (10)
——

n—>5

(For r > | %] the graph C'" is the complete graph K,,.)



Andrdsfai graph And(k)

For k > 1 the Andrdsfai graph And(k) is the graph with vertices vy, . .., Usk—2
and where (v;, v;) is an edge if and only if (i —j) mod (3k—1) € {1,4,7,...,3k—
2}. (These were introduced in [1], and are considered in [12, Sections 6.10—
6.12]; they also appear in [6].) In other words, for each 0 < i < 3k — 1 vertex
v; is connected by an edge to exactly the vertices v;1,0i414(1.3),Vit14(2:3)s - - -
Vi4143(k—1)-

Since (k,3k — 1) = 1 we may relabel the vertices according to the rule
v; — Ug;. Since 3k = 1 mod (3k — 1), applying this means that each ver-
tex v; (where j = 3i, 0 < j < 3k — 2) is connected to exactly the vertices
VjtkyUjbkt1,Vj4 k425 - - Ujt2k—1, and therefore (in the new labelling) And(k)
has adjacency matrix

CiI‘Cgk_l(O7 [N ,O7 ]., ey ]., 0, ey 0) ~ ng_Lk (].].)
N——

—_— —
k k k—1

and its complement has adjacency matrix

CirC3k_1(0, 1, ey 1, O7 ey O7 1, ey 1) ~ H3]€_17k_1. (12)
—— N——

k—1 k k—1

Doob graph D(r,t)

In constructing graphs whose adjacency matrices have the same determinant
as that of a complete graph, Doob [9] introduced the graphs D(r,t) (r > 2,t >
1). (They are denoted G(r,t) in [9] but we have changed notation to avoid
clashes.) These are the graphs with n = (r — 1)t 4+ 2 vertices vy, ..., v,—1 and
where (v;,v;) is an edge if and only if (i — j) = 1 mod ¢. They have adjacency
matrices

circ(r_1ye42(0,v,...,v,0,...,0) ~ Flo_1yq2.m¢ (13)
—— ——
r r—t+1
where v = (1,0,...,0), and their complements have adjacency matrices
——

t—1

circ,—1)¢42(0,7,...,0,1,...,1) (14)

—— ——
T r—t+1

where v = (0,1,...,1).
——
t—1

Note that D(k, 3) is the Andrasfai graph And(k). When ¢ is odd, similar ver-
tex relabelling arguments to those made above for And(k) can be used to show
that D(r,t) has an adjacency matrix that is column equivalent to Fi,_1y¢ 4o,
Unlike in the And(k) case, however, with such a relabelling the complement
will not necessarily have an adjacency matrix that is column equivalent to some
H;_1)t42,, and, for this reason, we will consider the graphs And(k) separately
from the graphs D(r,t).



Cocktail party graph Cock(n)

The Cocktail party graph, or hyperoctahedral graph, Cock(n) is constructed
from the complete graph Ko, by removing n disjoint edges; it is a circulant
graph with the following adjacency matrix ([5, page 17],[4, page 278]):

circon (0,1,...,1,0,1,...,1) ~ Hap 1 (15)
~—— N

n—1 n—1
its complement is the ladder rung graph ([4, page 277]) with adjacency matrix

circe, (0,...,0,1,0,...,0) ~ I, (16)
—— N —

n n—1

(where I,, denotes the n x n identity matrix).

Crown graph Cr(n)

The crown graph Cr(n) is the graph with vertices ug, ..., Un—1,V0, ..., Un—1
and edges (u;,v;) 0 < i # j <n—1. For odd n we may relabel the vertices
as g, - . ., Tap—1 where xo; = u;, Tojr, = v; (0 <4 < n—1), in which case the

edges are (22;,%2j4n) 0 < ¢ # j < n—1so Cr(n) is a circulant graph with
adjacency matrix

circan (0,1,0,1,0,...,1,0,0,0,1,0,1,...,0,1) ~ Fappn_1. (17)

n—1 n—1

and its complement has adjacency matrix

ciresn (0,0,1,0,1,...,0,1,1,1,0,1,0,...,1,0). (18)

n—1 n—1

Prism graph P(n)

The prism graph or circular ladder graph P(n) is the skeleton of an n-
prism. That is, it is the graph with 2n vertices ug, ..., %n—_1,v0,...,vn_1 Where
ug, - .., Up—1 form an n-cycle and vg,...,v,—1 form an n-cycle and for each
0 <i < mn—1 there is an edge (u;,v;) (see [5, page 63] or [21, page 270]).

Suppose n is odd. If we relabel the vertices as zg,...,z2,—1 where xy; =
Uj, Toiyn = v; then the edges are (v, xi12), (i, Ti—2), (T4, Titn) (0 < i < 2n—1)
so P(n) is a (cubic) circulant graph. (In fact, this and the even Mobius ladder
graph, defined below, are the only connected, cubic, circulant graphs — see [15,
Theorem 2] or [7] — so, since for even n the graphs P(n) are not circulant we
will not consider them in this article.) We apply a further relabelling.

If (n—1)/2 is odd then ((n — 1)/2,2n) = 1 so we may relabel the ver-
tices according to the rule z; — x;,,—1)/2. Applying this, the edges become
(@) Tjtn—1), (@5, Tjans1), (€5, 2j4n) (0 < < 2n—1), j =i(n—1)/2. If
(n —1)/2 is even then ((n + 1)/2,2n) = 1 so we may relabel the vertices ac-
cording to the rule x; — x;;,41)/2- Applying this, the edges again become



(@55 Tjnt1), (25, Tjpn—1); (€5, Tjtn) (0 <j < 2n—1), j =i(n+1)/2. There-
fore in each case (in the new labelling) P(n) has adjacency matrix
circon(0,...,0,1,1,1,0,...,0) ~ Fyn.3 (19)
—— ——
n—1 n—2
and its complement has adjacency matrix
circan(0,1,...,1,0,0,0,1,...,1) ~ Hapn_s. (20)
—— ——

n—2 n—2

Mobius ladder graph L,

The Mébius ladder graph, Ly, when n is even was introduced in [13] (see also
[5, page 20],[2, page 171]) and consists of an n-cycle with each vertex connected
by an edge to the opposite vertex. That is, it has vertices vg, ..., v,_1 and edges
(v, vig1), (Vi vi—1), (Vi, Vigny2) (0 < i <n—1). Thus the adjacency matrix is

cire, (0,1,0,...,0,1,0,...,0,1)
—— =

n/2—2 n/2—2
and the adjacency matrix for the complement is

circ,(0,0,1,...,1,0,1,...,1,0) ~ Hy 1, /2_2. (21)
——
n/2—2 n/2—2

We may relabel the vertices to get a more convenient form of the adjacency
matrix of L,. If n/2 is even then (n/2 — 1,n) = 1 so we may relabel the
vertices according to the rule v; — v(,/2_1);- Applying this, the edges become
(V55 Vit (n/2=1))s (Vi Vjgns241))s (V5,Vj4my2) (0< 5 <n—1),j=(n/2—-1)i, so
L,, has adjacency matrix

ciren (0,...,0,1,1,1,0,...,0) ~ F, 5. (22)
N—— ——

n/2—1 n/2—2

If n/2 is odd then (n/2 — 2,n) = 1 so we may relabel the vertices according
to the rule v; + v(,/2_2);- Applying this, the edges become (v;,vj{(n/2-2)),
(0, Vit (ny242))s (V5 Vjany2) (0 < j <n—1), j = (n/2—-2)i, so L, has adjacency
matrix

cire,(0,...,0,1,0,1,0,1,0,...,0) ~ F, 55 (23)
—— ——
n/2—2 n/2—3

In [13] the graph L, was also defined for odd n. In this case L,, consists
of an n-cycle with each vertex connected by an edge to the two most opposite
vertices. That is, it has vertices vg,...,v,—1 and edges (v;,viy1), (Vi vi—1),
(Vis Vig(n—1)/2)> (Vi, Vig(ns1)/2) (0 <i <n—1). Since (2,n) = 1 we may relabel
the vertices according to the rule v; — wvo;. Applying this, the edges become
(vj,vj12), (v5,vj-2), (vj,vj-1), (vj,vj41) (0 < j <n—1), j = 2i, so we see that
L,, is isomorphic to the odd square cycle 07(12).



Graph Matrix SNF

K, (2)~ Fy -1 Cor. 3.4

Cn (3)~ Gy 1 Cor. 4.4

C, (4)~ Fpp_s Cor. 3.5

C? 1<i<|[n/2] | (5)~ Grai-1 Cor. 4.3

Ci 1<i<|n/2] | (6) ?

c 3<r<|n/2| | ()~ Hn, ?

o (9)~ H, Cor. 7.2, Cor. 5.6
oy 3<r<|n/2] | 8)~ Fun-2r1 Cor. 3.6

c? (10)~ Fpy s Cor. 3.7

And(k) (11)~ F3p—1,k Cor. 3.9

And(k) (12)~ H3zp—1,k-1 Cor. 9.2, Cor. 5.7
D(r 1) (13)~ Flo—1ysomt Cor. 3.10

D(r,t) (14) ?

Cock(n) (15)~ Hap pn-1 Cor. 8.2

Cock(n) (16)~ Iz, Iz,

Cr(n) (n odd) (17)~ Fopp 1.2 Cor. 3.11

Cr(n) (n odd) (18) Cor. 10.2

P(n) (n odd) (19)~ Fy, 3 Cor. 3.8

P(n) (n odd) (20)~ Hap -2 Cor. 5.4

L, (n even) (22)~ F, 3, (23)~ F), 32 | Cor. 3.12

L, (n even) (21)~ H, /22 Cor. 5.5, Cor. 6.3

Table 1: Summary of results.

3. Smith form of F), ; and applications

3.1. Cyclically presented group and Smith forms for F,, s and F, s ,

The matrix F),  is the relation matrix of the presentation in the following
theorem. This result was proved in [24], but as the proof is short and illustrates
well the main technique of proof in this paper we include it again here.

Theorem 3.1 ([24]). G, (zo21 ... Ts—1) = Lg)(n 5 * L0971

Proof. Let 6 = (n,s). Then there exist p,q € Z such that 6 = ps + ¢gn so 6 =
ps mod n. The relation ;41 ...%;4s—1 = 1 implies @; (i1 ... Tits—1Tits) =

Tits SO Ty = Tits and hence ; = Tips = Tiyos = ... = Tiqps. BUL Tiyps = Tits
so we have x; = ;45 for each 1 < i <n—1. Eliminating generators xs, ..., Ty_1
gives

s/d .
Gn<.’1?ol’1 ce .’L‘Sfl) = <a)‘0, N o | | (ajil'iJrl ce xi+§,1)q/ =1 (7, = 0, ey 6 — 1))

Now for 0 < 7 < § — 1 we have that the relator (xixi+1...xi+5,1)s/5 is a



conjugate of (zozy ... ;135,1)5/5 so we can eliminate § — 1 of the relators to get

Gn(zozy ... 5-1) = (To,...,Ts—1 | (Tox7 .. .x(;,l)s/é =1)
=z, ..., 25-1,2 | (xox1 . ..x5_1)3/5 =1,z =x021...T5-1)
= (z0,...,T5-2,2 | 280 = 1)

and the result follows. O

Corollary 3.2.
Gp(zoz,xop . . . x(s_l)r) o Zi?&:;)/(n,r),s) % 7)) ((n/(n,r),s)—=1)

Proof. A standard technique in the theory of cyclically presented groups is to
partition generators and relators to express a cyclically presented group as a
free product of others. Using this here we get that G, (zox, 2y ... x(s,l)r) is
isomorphic to the free product of (n,r) copies of G,/ ) (ToT122...T5-1) SO
the result follows from Theorem 3.1. O

Applying Theorem 3.1 and Corollary 3.2 to the matrices F, s and Fj, 5, we
get
Corollary 3.3. (i) SNF(F, ;) = diag,(1,...,1,s/(n,s),0,...,0);
—
(n,s)—1

(ii) SNE(F,...) =

S S

(n/(n,r),5)" """ (n/(n,7),s)" o~
(nﬂr)((n/(n1r)1s)71)

diag, | 1,...,1,

(n,r)

When (n,s) = 1 the determinant of F,, s was calculated in [18] and the
Smith Form was obtained in [22, page 3]. The calculation of SNF(F,, ;) and
SNF(F,, s.») (Corollary 3.3) have the following applications for circulant graphs

Corollary 3.4. SNF(A(K,)) = diag,(1,...,1,n —1).

Corollary 3.4 generalizes [16, Lemma 1.6] which shows the well known result
that A(K,) is non-singular for n > 2.

diag,,(1,...,1,(n—3)/3,0,0) if 3|n;

Corollary 3.5. SNF(A(C)) = {diag (1 1,n—3) otherwise
(1 :

Corollary 3.5 generalizes a result of [8] which calculates rank(A(C,,)).

Corollary 3.6. SNF(A(C’T(LT))) =

diag, (1,...,1,(n—2r —1)/(n,2r + 1), 0,...,0)
——
(n,2r+1)—1

(where 1 <r < |n/2]).



Corollary 3.6 generalizes [16, Corollary 2.18] which classifies when A(C,(f))
is non-singular. A particular case is

Corollary 3.7.

—) di 1,....1,(n— if 5|n;
SNF(A(Cy(LQ))) _ lagn( ) ) 7(77’ 5)/5707 07 07 0) 1 5|na '
diag,(1,...,1,n —5) otherwise.
Corollary 3.3 also implies
Corollary 3.8. Suppose n is odd. Then
diag,,(1,...,1,0,0) if 3|n;
diag,,(1,...,1,3) otherwise.

SNF(A(P(n))) = {
Corollary 3.8 generalizes a result of [7] which calculates rank(A(P(n)) (for
odd n).
Corollary 3.9. SNF(A(And(k))) = diags,_1(1,...,1,k).
Corollary 3.10. Ift is odd then

SNF(A(D(T,t))) = diag(rfl)t+2 17...,17m, 0,...,0 y
’ (rit—2)—1
if t is even then SNF(A(D(r,t))) =
T T
di 1,...,1 .
lag(r—l)t—i—Q ) s 4y (7“7 (t — 2)/2)7 (,'n7 (t — 2)/2)7 Oa 70
(2r,t—2)—2

Theorem 9 (and Theorem 10) of [9] gives a formula for det(A(D(r,t))). Up
to sign this follows directly from Corollary 3.10.

Conjecture 1 of [26] asserted that any graph with n vertices whose adjacency
matrix has the same determinant as that of the complete graph is complete. The
family of graphs D(r,r+ 1) (where r is odd) were given in [19] as counterexam-
ples. (Other counterexamples were given in [9].) That is, the graph D(r,r + 1)
(with r odd) is not complete but its adjacency matrix has the same determinant
as K,, = K,2,,. Corollaries 3.4 and 3.10 show that they do not have the same
Smith form.

Corollary 3.11. Let n be odd. Then

SNF(A(Cr(n))) = diagy,(1,...,1,n —1,n —1).

10



Corollary 3.12. Ifn is even then

diag,,(1,...,1,0,0) if n/2 =0 mod 6;
SNF(A(L,)) = diag, (1,...,1,0,0,0,0) if n/2 =3 mod 6;

diag,(1,...,1,3,3) if n/2 =41 mod 6;

diag,,(1,...,1,1,3) if n/2 =42 mod 6.

Corollary 3.12 generalizes a result of [7] which calculates rank(A(L(n)) (for
even n).

4. Smith form of G, , and applications

4.1. Cyclically presented group and Smith form for Gy, .,

The matrix Gy, ,, is the relation matrix of the presentation in the following
theorem.

Theorem 4.1. Let 0 <u<n-—2. Then
Lo - %Ly if (n,2(u+1)) = (n,u+1),
—_——

) (n,2(u+1))
Zk--x7 otherwise.
—_—

(n,2(u+1))/2

Gn (Iﬂoxu+1)

Proof. G = Gp(rovys1) has relators z;z;111 (0 < i < n—1). Let d =
(n,2(u+1)), b = (n,u+1). Now there exist o, § € Z such that an+2(u+1)5 =d
and so 2(u 4+ 1)8 = d mod n. Then

-1 -1
Ti = Tigut1) = Tit2(utl) = Tiggur1) — 0 = Tit2(ut+1) = Titd
SO
—1 .
G={(xg,...,Tn-1 | x= Tttty Ti = Titd 0<i<n-1))
1 .
= <$07. - Ld—1 | Ty = xi+(u+1) (0 <1< d— 1)>

If b = d then d|(u+ 1) so
G=(v0,...,0q1 |zi=2 ' (0<i<d—1)=ZZox--xZLy.
—_————
d

If b # d then d is even so (d/2)|b so (d/2)|(v+1). But d f(u+1) so (u+ 1)
d/2 mod d. Therefore

G=(zo,...,Td—1 |xi:x;+1d/2 (0<i<d-1))

= (z0y-- -, Taja1 | ) RLx- L.
/2

11



Corollary 4.2. Let 0 <u<n—2.
diag,, (1,...,1, 2,...,2) if (n,2(u+1))=(n,u+1);
——
SNF(Gya) = (n,2(u+1))
e diag,,(1,...,1, 0,...,0 ) otherwise.
——
(n,2(u+1))/2
We may apply Corollary 4.2 to the graph C? (1 <i < [n/2]) by calculating
SNF(G,,) where u = 2i — 1. Write n = 25m, i = 2'j where s,¢t > 0 and m, j
are odd. Then (n,u+1) = 226D (i 5) and (n, 2(u+1)) = 2mn6H42) (1 5)
which are equal if and only if s < ¢+ 1. Therefore we have the following.
Corollary 4.3. Let n = 2°m,i = 2'j where s,t > 0 and m,j are odd and
1<i< [n/2].
diag,,(1,...,1,2,...,2) if s<t+1;
——
SNF(A(C?)) = (m.26)
(AC) diag,(1,...,1,0,...,0) if s>¢+1.
——
(n,44)/2
Corollary 4.3 generalizes [16, Lemma 2.12], which states that A(C?) is sin-
gular if and only if n =0 mod 4 and 0 <t < s — 2. Putting i = 1 gives
diag,,(1,...,1,0,0) if n =0 mod 4;
Corollary 4.4. SNF(A(C,)) = « diag,(1,...,1,2,2) if n =2 mod 4;

9

diag,, (1,...,1,1,2) if n==+1 mod 4.

Corollary 4.4 generalizes [11, Theorem 5] which calculates rank(A(C,,)) and,
up to sign, it generalizes [23, Theorem 2.3], which calculates det(A(C,,)) (using
graph theoretic methods).

5. Smith form of non-singular H,, ,
An easy calculation shows that
Hpp = G Fr. (24)
Corollaries 3.3 and 4.2 then imply

Lemma 5.1. The matriz Hy, , is non-singular if and only if (n,v) = 1 and
(n,2(v+ 1)) = (n, v+ 1).

Theorem 2.2 of [3] (which is restated as Theorem 2.17 of [16]) which classifies

when A(C,(LT)) is non-singular follows immediately from this.

By [17, Theorem II.15] if A, B are non-singular n x n matrices then the
diagonal entry SNF(AB); ; is divisible by SNF(A); ; and by SNF(B);; so equa-
tion (24) and Corollaries 3.3 and 4.2 (and the determinants of F,, ., Gn.v, Hp
they imply) gives the following.

12



Theorem 5.2. Letd = (n,2(v+1)) and suppose (n,v) =1 and (n,2(v+1)) =
(n,v+1). Then SNF(H,,,) =diag,(1,...,1,2,...,2,2v).
——

d—1

In particular

Corollary 5.3. Suppose n is odd. Then
SNF (Hap n—2) = diagy,(1,...,1,2,2(n — 2)).

The calculation of SNF(Hay, ,,—2) for odd n (Corollary 5.3) has the following
applications to circulant graphs.

Corollary 5.4. Suppose n is odd. Then
SNF(A(P(n))) = diagy, (1,...,1,2,2(n — 2)).
Corollary 5.5. Suppose n =2 mod 4. Then
SNF(A(L,)) = diag,(1,...,1,2,n — 4).
Theorem 5.2 also implies the following.
Corollary 5.6. Ifn is odd then

diag,,(1,...,1,2,2,4) if 3|n;

SNF(H,, 2) = SNF(A(C?)) = {diagn(lv o, 1,4) otherwise.

Corollary 5.7. Suppose k is even. Then

SNF(Hsj,—1.5-1) = SNF(A(And(k))) = diagay (1, ..., 1,2(k — 1)).

In Sections 6-9 we calculate the Smith form for H,, , in other cases that are
relevant to the graphs we consider. While the Smith form for singular matrices
H,, , in general eludes us, we can, however, obtain sharp bounds on the rank.
Equation (24) and Corollaries 3.3,4.2 together with Sylvester’s rank inequality
(see, for example, [10, page 66]) imply the following.

Corollary 5.8.

n—(n,v)+1 if (n,2(v+1))=(n,v+1);

rank(H >
(Hnw) 2 {n - (712(2& — (n,v) +1 otherwise.

The bounds are the best possible as Lemma 5.1 shows that the bound of

the first line can be attained, and the matrix H4 ; shows that the bound of the
second line can be attained.
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6. Smith form of Hjy, ,_2 for even n

When n is odd SNF(Hs, n—2) is calculated in Corollary 5.3, so we consider
the case n even. The matrix Hs,, ,,—2 is the relation matrix of the presentation
in Theorem 6.1.

Theorem 6.1. Let G = Gan((zox1 ... Tp—3)(Tn-1Zn ... Tan—4q)) where n is
even. Then
b o Lip(n—2) DL if n =0 mod 4;
Zn(n,g)/4@Z®Z@Z if n =2 mod 4.
Proof. We have
G* = <170, L1y--yL2n—1 | (iﬂixi+1 cee Ii+n—3)(f€z‘+n—1$z‘+n .- ~Ii+2n—4)
(0<i<2n—1))
= (20,71, Ton—1 | (TiZign—1)(Tit1%ign) - (Tign—3Titon—4a)
(0<i<2n—1))
= <$0,l‘1, - T2n—1,Y0, Y1, - - -y Y2n-1 | YilYi+l - Yitn—3 = L,Yi = TiTitn—1
(0<i<2n—1))* (25)

The relation y;y;+1 - . . Yi+n—3 = 1 together with the relation y; 11 ... Yiqn—2 =
1imply yi = Yitn—2.

Suppose n = 0 mod 4. Then y; = Yi1(n—2) = Yit2(n-2) = " = Yita(n-2)
(a > 1). Now n(n —2)/2 = n mod 2n, so putting o = n/2 gives y; = Yitn-
But also y; = yi1n—2 SO Yitn—2 = Yi+n Or equivalently y; = y;12. Adding these
relations to the presentation gives

G™ = (20,21, -, T2n—1,Y0, YL, - -+ Yon—1 | Yilit1-- - Yisn—3 = 1,
Yi = Tilitn-1,¥i = Yire (0<i<2n—1)
= (0, %1, s T2n—1,Y0: Y15+ - -+ Y2n—1 | Yilit1 -+ Yitn—3 = L, Yi = TiTitn_1
(0<i<2n—1),y25 =yo, 42541 =11 (0<j<n—1)*"
= (20, %1, Tan—1,Y0, Y1 | (yoyl)(n_z)/2 =1,22;T2j4n—1 = Yo,

Tojp1ajin =1 (0<j <n—1)

= (L0, 1y s T2n—1, Y0, Y1, 2 | (oy1) "2 = 1, 29529) 401 = Y0,
Toj41%2j4n = Y1 (0 < j <n—1)z = yoy1)™

= (X0, T1, -y T2n—1,Y0, % | 2(n=2)/2 1,29;T2j4n—1 = Yo,
Toj41T2j4n =Yg 2 (0<j <n—1))

= (20, T1,- .-, Tan—1,Y0, 2 | 2(n=2)/2 — 1, 22 1nt2Z2j41 = Yo,
Toj41T2j4n =Yy 2 (0<j <n—1))P

= (xo, T2, .., Tan—2,Y0,2 | 2(n=2)/2 1, ($2_j1+n+2y0)1‘2j+n = yo_lz
(0<j<n—1)*
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= (20,22, s Ton-0,40,2 | 2" = Lwgj = w0952 (0< j < — 1))
= (uo, 1, un-1,50,2 | 272 =1L u; = ujp1yp 22 (0<j <n—1)*
= (uo, Y0, 2 \ 2(=D/2 = 1w = ug(yg 22)")2P

(g g0,z | ATD/2 21, y2nyad

= (uo, Y0, 2 | ,(n=2)/2 _ =1,2" —22 ps _y8n>ab

= (uo, Yo, 2 | 2"7D/2 = 1,27 = y2n)eP

= (ug,yo, z,w | 22 =1, w=yizt w? =1)*°

= (uo, Y0, 2, w | 2 (n=2)/2 — 1,z= ygwfl,uﬂ — 1>ab

= (ug, yo,w | (ygw™H"=2D/2 =1 % =1)

= (uo, Yo, w | yn(n 2)/2 _ w72 2 — 1>ab

= (ug, yo,w | yp " = w,w? = 1)

= (uo, o0 | 4o " )P 27 n(n—2) ® Z.

Suppose then that n = 2 mod 4. By (25) ¥i = Yitn—2 SO Yi = Yitn—2 =
Yit2on—a = Yi—a SO Y; = Yi+4. Adding these relations to (25) we get

G = <$07x17 - T2n—1,Y90, Y15 - - -y Y2n-1 | Yillitl - Yitn—3 = L, Y = T;Tiyn_1,
Yi = Yira (0 <0< 2n—1))*
= <{E0,.’E1, ey L2n—1,Y0,Y15 - - -y Y2n—1 | YiYi+1 - - Yi4n—-3 = 13

Yi = Ti%itn—1 (0 <7 <2n—1),Y4; = Yo, Yaj+1 = Y1, Yaj42 = Y2,
yajes =ys (0<j<n/2-1))*

= (20, %1, -, T2n—1,50, Y1, Y2, Y3 | (oyry2y3)"
Laj+1L454n = Y1, Taj+2T4j+n+1 = Y2, T4j+3T4j+n+2 = Y3
(0<j<n/2-1)™.

—2)/4
)4 = 1,2452454n—1 = Yo,

For each 0 < j < n/2—11let a; = x4j, b; = Tajt1, ¢j = Tajy2, dj = Taj43.
Then

G™ = (a;,bj,c;,d; (0<j <n/2—1),50,y1,52,y3 | (yoyry2ys) "~ 2/* =1,
bt (n—2)/4 = Y0,0jCj1(n—2)/4 = Y1, Cidj(n—2)/4 = Y2,
djjy(nyaysa = y3)™

= (aj,bj,¢j,d; (0< 7 <n/2—1),50,91,92,95 | (Yoy192y3)
a5bj 4 (n—2y/4 = Y0,05Ci1(n—2)/4 = Y1,Cidj4(n—2)/4 = Y2,

(n—2)/4 _ 1
djy(n2)/a = yza; )™
= (aj,bj,¢; (0< 7 <n/2—1),90,y1,y2.¥3 | (Yoyry2y3

ajbjt(n—2)/4 = Y0, 0iCjy(n—2)/4 = y17cj(y3a/j_1) =Y2

)(n—2)/4 -1

>ab
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= (a;,bj,¢; (0< 5 <n/2=1), 90,91, Y2, ¥3 | (oyayays) "~ 2D/* =1,

ajbj1(n—2)/4 = Y0, 0iCj(n—2)/a = Y1,¢j = ajygygl
= {a;,bj,¢; (0<5<n/2—1),90,1, 2,93 | (oyryays) ™~ 2/* =1,

ajbj+(n*2)/4 = Yo, bjcj+(n—2)/4 = Y1,

>ab

Cit(n—2)/a = Qji(n—2)/4Y2Y5 )"
= (a;,b; (0<j <n/2—1),y0,y1,92,93 | (Yoyry2ys3)
a;bjq(n—2)/4 = Yo, bj(aj+(n72)/4y2y§1) =y

- <aj’bj (0 <Jj< Tl/2 - 1)7y03y1>y23y3 | (y0y1y2y3)(n72)/4 =1,
ab

(n—2)/4 _ 1,
>ab

ajbjy(n—2)/4 = Y0, bj = y1y51y3a;+1(n72)/4>
(n—2)/4 _ q

b

=(a;,b; (0<7 <n/2—=1),90,y1,Y2,¥3 | (Yoy192y3)
ajbjs(n-2)/a = Y0, bjs(n-2)/a = Y195 'yza; 1)
=(a; (0<j<n/2-1),90,Y1,Y2,93 | (yoyry2ys) "~/ =1,
aj(y1yy 'ysa; ) = o)™
=(aj (0< 5 <n/2—1),50,y1, 92,53 | (oyryays) " 2/* =1,
aj = yoyy "yays aj1 (0<j <n/2—1)
= (a0, Y0, y1, 92, Y3 | (Woyryays) "2/t = 1,a0 = (yoyr "yays )" *ag)™
= (a0, Y0, y1,y2, Y3, 2w | 2" = 1,2 = yoyryays, w? =1,
w = yoy; ‘Y2ys
= (a0, Y0, Y1, Y2, Y3, 2, W | 2

Ys = w  yoyr Y2
(n—2)/4

1>ab
(n=2)/

>ab

=1,z = yoyryoys, w"? = 1

9

=1,z = yoyry2(w  yoy; 'y2), w"? = 1)

a0, Y0, Y1, Y2, 2, w | 2D = 1w = 271292 W™/ = 1)2P

ao, Yo, Y1, Y2, 2, W | z

a0, Yo, Y1 Y2, = | 2B =1, (2T ygy) P = 1)

a0, 90, 91,92, 2 | 2D/ = 1, (yog)" = 2/

ao, Yo, Y1,Y2, 2 | Z<n72)/4 = 1, (yon)n = Z>ab

a0, Yo, y1, 2 | (yoyz)" "D/ = 1)

n(n—2)/4 yab

ao, Yo, Y1, Y2, u | u =1,u = yoy2

=
=
=
=
= (a0, Y0, Y1,Y2, 2 | 2D/ = 1,2‘”/2 =2, (yoy2)" = Z"/2>ab
=
=
=
= (a0, yo, yr,u | W= )P 27 5 OLZOLOL.
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Corollary 6.2. Suppose n is even. Then

SN (1,0 = { o A
This has the following consequence for circulant graphs.

Corollary 6.3. Suppose n =0 mod 4. Then

diag,(1,...,1,n(n —4)/4,0) if n =0 mod 8§;

SNF(A(L,)) =
(A(Ln)) {diagn(l,...,1,n(n—4)/16,0,0,0) if n =4 mod 8.

7. Smith form of H, 5 for even n

When n is odd SNF(H,, 2) is calculated in Corollary 5.6, so we consider the
case n even. The matrix H, o is the relation matrix of the presentation in the
following theorem.

Theorem 7.1. Suppose n is even. Then

Zns®LBLOL if 6ln;

Gn(3301711”3$4)ab = {Z /A otherwise

Proof. Let G be the group in the statement. Then

G™ = (20,...,Tn-1 | TiTip3Tis1Tiga =1 (0 < i <n —1))2P
= (T0s s T 1, Y0y -+ - Y1 | Yilhir1 = 1,4 = i@ips (0 < i <m— 1))
_ _ (=it
_<x05"'amn—17y07"'7yn—1 |yi+1_y0 B

yi =z (0 <i<n— 1))

= (To,.. ., Tn-1,Y0 | Yo = R zitis (0 <i<n—1))

= (@0, oy T, 90 | Yy = @itigs (0 <0 <m— 1)) (26)

Suppose 6 fn, that is, (n,3) = 1. We have

_ -1 _ .2 _3.—-1 _ _ a (=D _ on (=)™ _ n
To =YoTy = Yo% = YoTg = " =YpTsq = " =YoTa, = YoZo-

(In particular, the derived relations xzy = yg'xg H®
(=D (-1)*"ta

imply the relations x3, =

(03

Zo " Yo ) Now {z; |0<i<n—1} = {3, | 1 < o < n} so we may
eliminate generators x1,...,&,_1:
_ [e% _ a+1
Gab = <$0, -y Tpn—-1,Y0 | T3a = J,‘( b y(() 2 * (1 <a< n)>ab

_1\n _1\yn+1
= <:v0,y0 | To = ﬂfé 2 y((, 2 n>ab
= (zo, 90 | Yo = 1)** 2 Z, ® Z.

Suppose then that 6|n and set n = 3k for some even k. By (26) we have

Gab = <$07 <3 T3k—15Y0 | Z/(()_l) = XiTi4+3 (0 S 7 S 3k — 1)>ab
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(_1)j —1)i+1
= (20, T3k-1,Y0 | Yo = T35X3(j+1)> Yo = T3j+1L3(j+1)+1s
—1)7 . ab
y(() e r3j42%3(j41)42 (0< 7 <k —1))*
-1, (=1) -1 (=1t
= (20, .., T3k—1,%0 | L3(j+1) = T35 Yo y L3(j+1)+1 = Z3;11Y0 )

— —_ J . -
L3(j+1)+2 = x3j1+23/(() Y (0<j<k—1)*

_1 —1)7-1 —1 —1)
= <:L'07~ -+ T3k—15Y0 | T35 = xg(j_l)y(() ) y L3j+1 = x3(j_1)+1yé ) )
-1 —1)7-1 . b
T3j+2 = mg(j_l)_t,_Qy(() ) (0 < J < k— 1)>a .
i1
The relations z3; = xg_é.il)yé_w are equivalent to the relations
PLas = (71)]‘ j(fl)j_l. th lati X _ .1 (71)‘7‘ ivalent t
3 =%y Yy ; the relations w3541 = @30;_1y41% are equivalent to

N i1
the relations 2311 = x(l_l)Jyé(_l)J§ the relations 23,42 = xi;71)+2yé_1y are
PR
equivalent to the relations z3;42 = x571)7y3( D This gives
—1) j(=1)71 —1) q(=1)7
G™ = (2. xap1,yo | gy =2y VT ey =TV Y
—1)9 j(=1)7—1
waez =ah g )
—)F k(=11 )% k(=1)*
= <x0,x1,x2,y0 | To = IE) ) yO( ) , L1 = mg ) yO( ) )
—1)F k(—1)F1
2y = 2D D yab
= (xo, 1, T2, Yo | yé“ = 1>ab 27, PLDLDYL.
O

Corollary 7.2. Suppose n is even. Then

diag, (1,...,1,n/3,0,0,0) if 6|n;

SNF(H,,2) = SNF(A(C?)) =
(Hn2) (A(CY7)) diag,,(1,...,1,n,0) otherwise.

8. Smith form of Hap pn—1

The matrix Hay, n—1 is the relation matrix of the presentation in the following
theorem.

Theorem 8.1.
Gon (o1 ... Ty—2)(TnZpy1 .. Ton_2))*P = Z,_ 1 ®& L.

Proof. Let G be the group in the statement. Then

G™ = (x0,...,Ton_1 | (TiTis1 .. Tizn2)(TitnTitnil .. Tizon_2) =1
(0<i<2n—1)* (27)
= (T0,y ..., Top_1 | Tiig1 .. Tivon—2 = Tiyn_1 (0 <7< 2n—1))2> (28)
= (20, Tan—1 | (TiTign)(Tit1Titn+1) -+ (Titn—2Tityan—2) =1
(0 <i<2n—1)). (29)
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By the #’th relation of (28) =1 ... Titon_o = x;1$i+(n,1); by the (i + 1)’th
relation Lit1 .- - Lit2n—2 — 'ri_+12n—1xi+n' Therefore TiTitn = Ti+2n—1TLi4+n—1,
SO XTiTitp = Ti_1Ti1p—1 OF equivalently z;x;1, = T;11%4n41. Adding these to
presentation (29) we get

G* = <ZE0, sy Ton—1 | (Ii$i+n)(5€z’+1$i+n+1) cee (Ii+n—2$i+2n—2) =1,

TiTitn = Tip1Titns1 (0 << 2n—1))2P

n—1

= (0, Ton—1 | (Ti%Tiyn) =1, 2% n = Ti1Tipni1

(0<i<2n—1))

-1
=(Tos+ s Tom—1,Y0, - > Yon—1 | (Zi%ign)" " =1, 2iTitn = Tit1Tignt1,
Yi = Tiipn (0 <0< 2n— 1))
1
= (20, s Ton—1Y0s - > Yon—1 | Ui = L, ¥i = Yit1,¥i = TiTitn

(0<i<2n—1))
= <$0, ooy Ton—15Y0 ‘ yg_l = l,yo = TiTi4n (0 S 7 S 2n — 1)>ab
= <1'Oa oy Tn—1,Y0 | yg_l = 1>ab = Zn—l @Zn

Corollary 8.2.

SNF(Hap, n—1) = SNF(A(Cock(n))) = diag,, (1,...,1,n —1,0,...,0).
——

9. Smith form of H3zr_1 51

For odd k the matrix H3i_1 51 is the relation matrix of the presentation in
Theorem 9.1.

Theorem 9.1. Suppose k is odd. Then
Gt (o1 - .. Tp—2) (ThThs1 - T2k—2)) " 2 Z(zp_1)(h—1)/2 D L.

Proof. Let G be the group in the statement. Then

G = (o, -+, T3k—2 | (TiTit1 .- Tivh—2)(@ithTith+1 - - Tiy2n—2)
(0 <i<3k—2)P
= (L0, .+, T3k—2,Y0, - - > Y3k—2 | Yilit1 - Yirk—2 = L, Yi = TiTirk

(0 <i < 3k—2))P,

By the i'th relator y; = (Yit1-- - Yitn—2)"" 50 Yi¥ith 1 = Wit1 - Yin—1)"",
which is the inverse of the (i + 1)’th relator, so y; = y;+x—1. Therefore y; =
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Yit(k—1) = Yit2(k—1) = Yitr3(k—1) = Yit(3k—1)—2 = Yi—2 SO ¥; = Yi+2. Adding
these relations to the presentation we get

b
G* = (w0,.. ., T3k—2,Y0, - - Y3k—2 | YiYis1-- Yirk—2 = 1,

Yi = TiTith, Yi = Yire (0 <4 < 3k —2))*P
(@0, -+, T3k—2, Y0y - - Y3k—2 | Yilit1 - - Yith—2 = 1, Y = TiTipp

(0<i<3k—2), yoj = Yo, Y2541 = 11 (0< 4 < (3k —3)/2))*"

(k—=1)/2

(o, ..., x3k—2,Y0,¥1 | (Youy1) =1, x2;T2j1k = Yo,

Tojr1T2j4k+1 = y1(0 < j < (3k — 3)/2)2P

<:1703 <oy L3k—2,Y0,Y1, % | Z(kil)/2 = 1a Z =YolY1, T2jT25+k = Yo,
Toji1T24kt1 = 2y - (0 <5 < (3k —3)/2)*°
<$0, -y T3k—2,Y0, 2 | 2B=D/2 = 1, T2j—(k—1)T25+1 = Yo,

Tojp1Tojaner = 2yy (0 <j < (3k —3)/2)*°

k—1)/2 _
(T0, ..., T3k—2,Y0,2 | 272 =1, Toj_(k—1)T2j+1 = Yo,

Tajp1 = 2y oy (0 <5 < (3k —3)/2)

(20, T2,y ..., Tap_3,y0,2 | 2F"D/2 =1,
Coj—(h-1) (2Y0 Tojag1) = Yo (0<j < (3k —3)/2)™

(o, T2, Ta ..., T3k—3,Y0, 2 | D2 = I2j—(k—1)$2_jl+k+1 =ygz !
(0<j < (3k=3)/2)*

(20, T2, T4 ..., T3p_3,Y0,2 | 2F V2 =1, $2j$27j1+2k =yiz !

(0<j < (3k—3)/2)*

= (ug, u1, . . . » W(3k—3)/2, Y05 Z | ZD/2 = 1, uju_]_-‘:k = y(Q)Zfl
(0<j<(3k—3)/2)"
= (uo, u, . .. » W(3k—3)/25 Y0, 2, W | ZE-1/2 = 1, w= y32_17 Uj = WUj+k
(0 <3< (3k—13)/2)".
Now u; = wuj 1 = wWujiop = - = WU 4ok (@ > 1). Putting o = (3k —1)/2
J i+ 7+ J s )
gives u; = w(gk’l)/Qungk,l)k/g = wB=D/2y, . Eliminating u,, . . . , U(3k—3) /2
gives
G* Uuo, Yo, =, W ‘ Z(kil)/z = 13 w = y(2)2717 Ug = w(3k71)/2u0>ab

U0y Yo, 2, W | S(k=1)/2 _ 1, w= ygz—l7 wBk—1/2 _ 1>ab

b=
=
= (up, o, 2 | 2FD/2 =1, (ygz—l)(3k—1)/2 = 1)2b
=
=
=

U0, Yo, 2 | Lk=1)/2 _ 1, yg’f—l _ Z(3k71)/2>ab
=172 ygkq _ ZB(k—l)/22>ab

Uo; Yo, # | Z(kil)/2 = 17 ygk_l = Z>ab

Uo, Yo, =2 |
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= (uo, Yo | y(()3k'*1)(k*1)/2>ab

= Z3k-1)(k—1)/2 D Z.

Corollary 9.2. Suppose k is odd. Then

SNF(Hzp, 1) = SNF(A(And(k))) = diags,_, (1, ..., 1, (3k — 1)(k — 1)/2,0).

10. Smith form of adjacency matrix for Cr(n)

The adjacency matrix for Cr(n) (18) does not fit into any of our families
Frsy Frsr, Gy Hp o, 50 we deal with it separately. It is the adjacency matrix
of the group in the following theorem.

Theorem 10.1. Suppose n is odd. Then Ga,((xazy . . .xg(n_l))wn)ab > 0B
VAR

Proof. Let G be the group in the statement. Then
G™ = (z0,...,Ton_1 | TizoTiva... Tiyo(n—1) = a:;ln (0<i<2n—1))2
= (T0y -+, T2 —1,Y0s -+ s Yn—15 205+ + s Zn—1 | TitoTivd - Titam—1) = x;ln
(0<i<2n—1),y; = 25,25 = x50 (0<j <n—1))*
= (T0s -+, T2 —1,Y0s -+ s Yn—15 205+ + s Zn—1 | TitoTivd - Titam—1) = x;ln
(0<i<2n—1),y; = 25,2 = T2j41, Yjt(n+1)/2 = T2j+nt1,

Zjt(n-1)/2 = Tajyn (0<j <n—1))

= (Y0, Yn—1520, > 2n—1 | Yir1Yita--- Yi+(n—1) = Z;rl(n,l)/y
Zit1Zi42 - - - Zid(n—1) = y;l(n+1)/2 (0<i<n—1)>
= (Y05 s Yn—1,205 -+ 5 Zn—1 | YilYit1Yit2 - Yit(n—-1) = yizill(n,l)/ga

2iZi 412042 - -+ Zig(n—1) = ziy;rl(nﬂ)ﬂ 0<i<n-— 1)>ab
= Yoy s Yn—1,205-+-2n-1, Y, Z | Y =yoy1 .. . Yn-1,Z = 2021 - - - Zn—1,
Y =iz 1y Z = 2 sy e (0S8 <= 1)
=0, Yn-1,Y, 2 | Y =yov1y2-. . yn-1,2Z = Z"Y,
Y =yi(Zy) " (0<i<n—1)"
Yor- - Yn-1, Vs Z | Y =yoyiya .. yn-1,Z = Z"Y, Z = Y 1)?P
ab
Yoo Yn—2:Un-1,Y | Y(yoyrya . yn2)"" = yp1, V")
Yos s Yn_o,Y | YT2)ab
> 7 ®Z"L

=
=Wo,- -+ Un-1,Y | Y = yotry2...Yn—1,Y" %)
=
=
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Corollary 10.2. Let n be odd. Then

SNF(A(Cr(n))) = diag,, (1,...,1,n — 2,0,...,0).
——

n—1
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