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Abstract

This paper shows how to represent actions on belief (such as deducing
and evaluating) in a language in which it is also possible to represent
actions on the world (such as putting one block on top of another). It is
done by combining modal logics of belief and of action in such a way that
actions on belief can be represented as perfectly respectable modals with
standard and well-motivated semantics, obeying sensible rules.

One basic actions is proposed, representing finding that a fact S is
true; it has a variant, representing finding that S is true given a fact (or
theory) T. These can be used to define other, more usable, actions: finding
whether S, finding an object with property ¢, and evaluating a term.

1 Introduction

1.1 Motivation

This paper is about representing actions on belief, such as deducing and evalu-
ating, in a language in which it is also possible to represent actions on the world
such as putting one block on top of another. Why is this interesting?

The first reason is that representing actions on belief is still not properly
understood. The second is that I have a long-term programme of building a
reflexive planner — that is, a planner that is able to plan to plan as well as plan
to act. Such a planner would need to be able to reason about actions on belief
— deciding what to do — as well as actions on the world. I want to show that
such actions are legitimate and well-behaved. I shall try to do that by showing
how modal logics of belief and of action can be combined. I can then describe
what it is for an action to be informative or to lose information. The basic idea
turns out to be that of Moore (Moore 85), but re-expressed and extended. An
action preserves information or ignorance iff it obeys certain simple rules.



So one can describe the effect of a given action on the agent’s information.
Is it also possible to characterize actions purely by their effect on the agent’s
information? For instance, can one describe the action of finding whether S
1s true or not, independently of how one does so? The answer is “yes”. The
central 1idea is that the set of states of affairs compatible with what an agent
believes may be split or enlarged by an action. Some such splittings lead to the
agent ceasing to be in doubt about S. One can combine all splitting in such a
way that the combination obeys the rules that one would expect of an action of
discovery. It then becomes possible to describe the actions of finding an object
with a certain property, and of evaluating a complex term, in the same way.

The relation of this work to Moore’s is:

e The metaphysics of state, belief and change is the same. Moore presents
this by working in the meta language of epistemic and dynamic logic; this
paper works more at the object level. This difference is minor.

e It offers an account of the preservation across action of information and
ignorance of which Moore’s account is a sub-part.

e It introduces semantically respectable actions that gain belief by con-
structing them as a “limit” of the set of all information-preserving actions.

One standard objection to logicist accounts of mental actions is logical om-
niscience. If an answer to a question can be found by inference from a given
theory, and if our mental actions are logical, then surely we must know the con-
sequences of the theories we accept; but we don’t know them; so (it is claimed)
our mental processes cannot be logical.

There 1s an alternative; if agents are taken not to believe theories but in-
stead to try to answer questions in the light of theories (in a sense that can
be clearly defined) then action on belief can be persuasively described without
accepting logical omniscience. I stress that this paper make no claims about the
psychological processes of real agents; all it says is of the form “Agents can be
described as if ...”.

This paper is an essay in applied philosophical logic. I had some intuitions
about the metaphysics of belief and action, and tried to capture them. I have
tried throughout to capture them in the semantics, to find properties of models
that look right and are simple to describe, and only then have I looked to see
what sentences they validate.

Descriptions of logical systems are expected to include sets of axioms and
a proof of their completeness. This paper does not. My interest has been
in persuasive analysis of the problem, and i1n rules that can be put into an
automatic reasoning system. That has led to an interest in valid sentences rather
than in axioms. Since deductive completeness is not the effective limitation on
the power of automated reasoning, I have not pursued completeness either.

The paper reviews epistemic and dynamic logic, and introduces some minor
extensions to them. It then classifies the ways action and belief can interact,



and considers the use of litmus. Then the first action characterized entirely by
its effect on belief, finding that, is described, and actions of finding whether,
finding a and evaluating are built out of it. Then similar actions done in the
light of a theory but without logical omniscience are described. Lastly there is
a sketch of how this applies to reflexive planning.

1.2 Revision of epistemic and dynamic logic

Representing action on belief involves representing belief and action. I shall do
this in modal logic, since there is already a modal logic of belief (epistemic logic)
and of action (dynamic logic). It is easy to combine them since their syntax
and semantics are so similar.

I assume the reader is familiar with epistemic and dynamic logic (Pratt
76), (Hintikka 1962), (Goldblatt 1987). (There is a review of the syntax and
a standard Kripke semantics below.) I shall however recall the application of
modal logic to belief and action.

The central idea of epistemic logic is this: suppose I believe that there is
a block on a table, but that I do not know whether it is red or green. That
uncertainty about the world is to be represented, not by describing a state
of affairs which says nothing about the block’s colour, but by describing two
complete states of affairs, where in each there is a block on the table, but where
in one the block is red, and in the other, green. Only what is true in every
state of affairs described is believed. Gaining certainty is then cutting down on
uncertainty; some of the possible states of affairs are ruled out, so the number
of facts true in every state of affairs goes up.

In epistemic logic, that is formalized by representing the actual state of
affairs by an index — a point associated with a first-order model of the world
— and by representing the states of affairs that the agent finds credible at any
index by other indices linked to it by an epistemic accessibility relation, BEL.
(Bel is a modal, BEL is the relation it denotes.) Those indices can then be
linked to others, and so on. The “information set” at any index i is defined as
the set

{Ji| (i) € BEL }

A sentence S is believed at index 1 iff S is true at every index in the information
set. One knows what a term T means iff T denotes the same object at every
index in the information set.

The central idea of dynamic logic is to keep the idea of indices representing
states of affairs, but to let relations on them represent actions. Suppose the
actual state of affairs corresponds to some index, and that action A is done.
The indices reached by the relation denoted by A correspond to the states that
are possible outcomes of doing A. There may be zero, one or many such indices.
A sentence S is an effect of an action A at index i iff S is true at every index in
the image of i under (the relation denoted by) action A.



Given a point i and a relation R, I shall call the set
{il(i)€eR}

the “image” of 1 under R, by analogy with the image of a point under a function.
The 1mage of a set X under R is

{(j|3i.ieX & (ij)€R)

If T is a term, it makes sense to talk about “the thing that is T after doing A”
iff T denotes the same object at every index accessible by the relation denoted
by A. It may be the case that if a sentence P is true before an action A, then a
sentence () is true after it. That can be written

P—:-[A]Q

and 1s the way of expressing the fact that P is a precondition of Q being true
after A.

An action that doesn’t take place is taken to denote the empty relation on
indices. In particular, abort denotes the empty relation. An action may not
take place because it is impossible in the circumstances in which it is attempted,
or because it fails to terminate. No states are reached by an impossible action,
so, trivially, anything is true after it, even falsity. Indeed, impossible actions
can be characterized by the fact that they satisfy

[A] #

1.3 The object language

The conceptual content of this section is slight. It reviews and combines the
languages of epistemic and dynamic logic, and introduces some extensions to
the object language of modal logic needed later. The first part is completely
standard; the extensions are described later.

The language is first-order. Missing connectives come via the usual defini-
tions. The extension to non-unary predication and application is trivial. The *
operator of dynamic logic is not needed.

There 1s a small snag because Bel S and [A] S mean the same sort of thing,
but only the action modal needs the [...]. Allow Bel S as an abbreviation.

Sentence ::= Predicate(Term)

| Sentence; — Sentence,

| #

| VVar. Sentence

| [Modal] Sentence

| Bel Sentence
Term ::= Constant | Var | Function(Term)
Modal ::= Bel



Action

Sentence?
Modal; ; Modal,
Modal; U Modal,

A model M is a structure
((Indices,Dom,BEL),VC,VA)

There 1s a set of indices (states, worlds) Indices. Dom is the domain of objects,
for convenience assumed to be the same at all indices. BEL is the epistemic ac-
cessibility relation on Indices. VC interprets terminal symbols of the categories
Constant, Predicate and Function as members of, subsets of and functions in
the domain in the usual way; but the interpretation can vary from index to
index. VA interprets primitive Actions as relations on Indices.

= S iff for all models M. for all assignment functions g. Mg = S
MgESififoralli € Indicesof M. M gifkES

M g i | Predicate(Term) iff [ Term ] M g € VC(i)(Predicate)
MgiES —S:iff MgiES; impliessMgi S,

MgigE # 1sfalse

Mgif VVar. Siff for alld € Dom. M g[Var:=d] i S

MgifE [Modal] Siffforallj({ij)€ [Modal [ Mg—MgjES)
MgiEBelSiff Mgilk [Bell S

For the terms
[ Constant | M g i = VC(i)(Constant)
‘ [Vﬂ.r]Mgi%g(Vﬂr)
[ Function(Term) ] M g i 2 ( [ Function | M gi)( [ Term | M g 1)

For the modals (all of which are independent of the index at which they are
evaluated)

[ Bel ] M g £ BEL

[ Primitive ] M g £ VA(Primitive)

[ Sentence? ] M g = { (ii) | M g i |= Sentence }
[A1 ;A ]Mg= [A I Mg; [A2] Mg

where ; 1s “diagram-order” composition
R;S={(xz) |3y (xy) ER& (yz) €S}



[A1UAIMg2 [A JMgu [A: ] Mg
Some constant actions are
A
[abort [Mg= [#7 ] Mg={}
[skip] Mg = [ (# — #)? ] Mg = { (i) | i € Indices }
This semantics supports the axioms found in any “normal” modal logic

if = S then = Modal S
— Modal (S — T) — (Modal S — Modal T)

and the standard dynamic logic axioms.
— [A] [B]SE[A;B]S

= [A]S & [B]S=[AUB]S

= [S?] T=(S—T)

Since modals are relations, and relations are sets of pairs of indices, one can
say that one modal is included in another, in the sense that all the arcs leaving
the index in one modal are also arcs in the other modal. To express that in the
object language, add

Sentence ::= Modal,; i) Modal,

| Modal, é Modal,
| Modal; = Modal,

The semantics of the first is given by

M g i = Modal; D Modal, iff
Vi. ((ij) € [ Modal; ] M g —(ij) € [ Modal, | M g)

It 1s easy to show that that validates

= Modal, D Modal; — [Modal;] S — [Modals] S

The clauses and rules about reverse inclusion and equality are analogous.
It is standard that the union of two modals is governed by

Modal ::= Modal; U Modal-

[ Modal; U Modal, | M g = [ Modal; [ MguU [ Modal, | M g

That validates

= [Modal;] S & [Modals] S = [Modal; U Modal,] S







