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Abstract

We obtain the Smith normal forms of a class of circulant polynomial matrices
(A-matrices) in terms of their “associated polynomials” when these polynomials
do not have repeated roots. We apply this to the case when the associated
polynomials are products of cyclotomic polynomials and show that the entries
of the Smith normal form are products of cyclotomics.
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1. Introduction

The Smith normal form theorem (“possibly the most important theorem in
all of elementary matrix theory” [4]) has a range of applications, such as for
solving differential equations and for detecting similarity of matrices and ob-
taining Frobenius forms. Many algorithms for finding Smith forms of matrices
and A\-matrices have been developed, implemented, and their complexities stud-
ied. This has been done both from floating point and symbolic computation
perspectives — see for example [8],[2],[6],[7]. The multiplicativity of Smith forms
of A\-matrices is considered in [5].

A circulant matrix is one in which each row is a cyclic shift of the preced-
ing row by one column. Such matrices are applied in mathematics, statistics,
the physical sciences and electronic engineering; some of their applications are
described in [1]. Circulant matrices form a class of matrices where attractive,
concise, results may be obtained. For instance, the eigenvalues of a circulant
matrix C' can be stated in terms of the roots of its “representer polynomial”,
and hence the diagonal form of C' may be stated in terms of this polynomial.

In this paper we investigate the Smith normal form for a class of circulant
A-matrices, and show that this can also be stated in terms of the representer
polynomial. Our methods are based on those developed by Lin and Phoong [3]
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in their study of “pseudo-circulant matrices” used in the design of digital filters.
Our results differ from the Smith form results cited above, in that they give
an expression for the Smith form itself, rather than an algorithm for finding it;
this further supports Davis’s assertion that “practically every matrix theoretic
question for circulants may be resolved in ‘closed form’” [1, page xi].

2. Preliminaries

We first set out the notation and terminology that we will use throughout
the paper; this will be based on [4]. Let R be a principal ideal ring and F a
field (often this will be Q) and let R™*™ denote the ring of n x n matrices over
R (where n > 1). If R = F[)], where X is an indeterminate, then an element
M = M(X) € FIN"*" is a A-matriz over F' (these are also known as polynomial
matrices). An element M € R™ ™ is unimodular if its determinant is a unit of
R. Thus if R = F[)] the unimodular matrices are those with non-zero constant
determinant.

2.1. Smith normal forms

The Smith normal form theorem can be stated as follows (see for example [4,
Theorem I1.9]).

Theorem 2.1. Let R be a principal ideal ring and let M € R™ ™. Then there
exist unimodular matrices U,V € R™ ™ such that UMV = S where

S = diag,, (s1,-.-,$r,0,...,0),

where r = rankg(M), s1,...,S, are non-zero elements of R and s;|s,41 for
1<:<r—1.

The matrix S in Theorem 2.1 is called a Smith normal form (over R) of M
and it is unique up to multiplication of the entries by units in R. This means
that for A-matrices over F', the entries may be taken to be monic polynomials;
some authors include this condition as part of the definition of a Smith form —
we shall not do so however.

2.2. Circulant A-matrices

For v = (a1,...,a,) € R" the circulant matriz circ,(y) € R"™" is the
matrix (over R)
ay as as --- (07%%
ap ayp a2 - An—1
C = ap—-1 Gp 1 o (p—2
as az Qaq --- aq

We will be concerned with circulant Ad-matrices (over F') so

v =79A) = (a1(N), ..., an(N))



and
C = C(X) = circ, (y(N)).

We now give some standard derivations which extend the theory of circulant
matrices from Section 2, Chapter 3 of [1] to circulant A-matrices. We keep our
notation and terminology close to that used in [1]. Let

7 = circ, (0, 1,0,...,0)

be the fundamental circulant. The representer polynomial for C(\) (in the
indeterminate z) is the polynomial

Py (2) =D ai(N)z !
=1

and we observe that
Py(n) () = ciren (v(N)).
We shall call the polynomial

n

FO) =pyon(1) =D ai(N)

i=1
the associated polynomial for C(\). We define
Q = diag,, (1, - G )

where (as throughout this paper) ¢, denotes €*™V~1/" and we let F be the
Fourier matrix of order n (i.e., it is the n x n matrix whose (i, 7)th matrix is

(;(i_l)(j_l)/\/ﬁ). By Theorem 3.2.1 of [1], we have 7 = F*QF, where F* is
the conjugate transpose of F. Therefore

C()\) = p,y()\) (7T) = p,Y(A)(]:*Q]:) = ]:*p,y()\)(Q)]: = ]:*A()\)]:
where

A()‘) = diagn(p'y()\)(l)apw(/\) (Cn)7 s Dy (Cr?_l)) (1)

In summary, we have the A-matrix version of Theorem 3.2.2 of [1]:

Theorem 2.2. Let C'()\),A(N\) and Q, 7, F be the A-matrices and matrices de-
fined above. Then A(N) is a diagonal form for C(\) with diagonalizing matrices
F*, F:

C(\) = F"ANF.

Taking determinants (and noting F*F = I) we get

det(C(A)) = pr)(Ci_l) (2)



The same argument as [1, pages 75-76] shows that we may express this as a
resultant

Hp'y()\) (anil) = Res(zn - 1ap'y()\) (Z))

Further, we have

n—1

Res(2" = 1,p,00(2) = an(N)" [T (i)™ = 1)

=1

where p1(A), ..., n—1(N) € F[)] are the roots of py(x)(z). Summarizing, we
have the following corollary to Theorem 2.2 (which is the analogue of the formula
obtained in [1, page 76]).

Corollary 2.3. In the above notation det(C(N)) = a,(\)" [[= f(,uz()\)" —1).
We record another corollary of Theorem 2.2:

Corollary 2.4. In the above notation rankppy)(C'(N)) = rankpp(A(X)).

3. Smith forms of circulant A-matrices

In this section we consider circulant A-matrices
C(N) = circy (c1(A"), Aea(A™), ..., A" e, (W) € Q™™ (3)

We obtain a Smith form for C'(A) in terms of the roots of the associated poly-
nomial f(A) = Y1 A" !¢;(A"). Our methods apply to a slightly wider class
of circulant A-matrices than these; we will comment on this at the end of the
section.
Our methods are based on those developed in [3]. Following the terminology
of that paper, for n > 2 we say that 0, ¢ € C are congruous with respect to n if
" = ¢" and we say that a set of complex numbers is congruous with respect to
n if all pairs of its elements are.

Proposition 3.1. Let 0 < j <n —1. The representer polynomial p,(xy(z) and
the associated polynomial f(X) of a circulant A-matriz of the form (3) satisfy
Py (G) = FAG)-

Proof.
pﬂy(}\) Z)\z 1 )\n i— ch
=1
S0 .
Pyaci) () = D a(AANG2) " =y (Gh2)
i=1
and in particular f(\¢)) = Py = Py (G- O



We require the following proposition, the proof of which is straightforward.

Proposition 3.2. Let {1, ..., a4} be a set of roots of a polynomial in Q[N] that
is congruous with respect ton > 2. Then, for j =1,...,q we have a;j = ar1(y’
for some distinct 0 <n; <n—1.

Our key lemma is:

Lemma 3.3. Let C(A\) € Q[A\]"*" be of the form (3) and let f(\) € Q[A] be
its associated polynomial. Let «; be a root of f. Let ¥ be a congruous set of
roots of [ (with respect to m) that contains «; such that ¥ cannot be properly
contained in any other set of congruous roots of f (with respect to n).

If S(A) = diag,,(s1(A), ..., sn(N) is a Smith form for C(\) then (A" — af')
is a factor of s;(A) if and only if n — |X| < j < n.

Proof. By Proposition 3.1 and (1) we have that

AN) = diag,, (f(N), F(AG), -, FOAGT).

Therefore for each 0 < ¢ < n — 1 we have

AaiCy) = diag,, (f(eiG), faiGith), o flaag ™)

and so the set of diagonal terms of A(q;C’) is

{F(iCh), flaaCt™), o flaaC™ )Y = {fau), f@iCn), - -, flaall ™M)}

By Proposition 3.2 we may write ¥ = {a;(,.. - a;Gn ™'} for distinet 0 <
ny,...,nyx < n—1. Thus f(a;(}Y) = ... = flo »") = 0 so at least |3
of the diagonal entries of A(;¢%) are zero. No other diagonal entries can be
zero, for otherwise ¥ could be expanded to form a set of congruous roots of f
that contains ¥, a contradiction. Thus rankga,ce)(A(ei¢h)) = n — [E] and by
Corollary 2.4 we have

rankga,cs) (C(aiC,)) = n — |Z].
Therefore by Theorem 2.1
rankgja,ce)(S(ciCh)) =n — |3
50 (A — a;¢%) divides exactly || of the diagonal entries of S(\). That is, (A —

a;Ct) divides s;()) if and only if n — |S| < j < n. Since this is true for each
0 </¢<n-—1 we have that

n—1
[T - i) =" =a)
=0
divides s;(\) if and only if n — |X| < j < n. O



Theorem A. Let C(A\) € Q[A™*"™ be of the form (3) and suppose that its
associated polynomial f(A) € Q[A] does not have repeated roots. Suppose that
the sets A; (i € 1) form a partition of the set of roots of f such that each set A;
s congruous with respect to n > 2 and such that there is no such partition into
fewer sets. For each i € I let a; denote one element of A;. Then there exist
unimodular matrices U(X), V(A) € Q[A™*™ such that UXN)C(A)V(X) = S(A)
where

S(A\) = diag,,(s1(A), ..., s,(A))

where for each j=1,...,n
s =11 "—=ap
icl,
[As|>n—j

The matriz S(X) is a Smith form (over Q[A]) of C(\).

Proof. By Theorem 2.1 there exist unimodular matrices U(\), V(X)) € Q[A]"*"
such that UX)C(M)V(X) = S(A) where S(A\) = diag,(s1(A),...,sn(A)) and
sj|sj+1 for all 1 < j < n — 1. The condition on the partition ensures that no
congruous set A; can be properly contained in any other congruous set of roots
of f (with respect to n). Therefore Lemma 3.3 implies that the entry s;(\)
(j=1,...,n) of S(N) is

siA) =m0 [ (" —a)

=h;0) I " —ad) (4)

It remains to show that each h;(X) is a unit, so may be taken to be 1. We have

$1(A) ... 8n(A) = det(S(N))
= c-det(C(N)) for some ¢ € Q by Theorem 2.1

=c[[pyn(@&@™") by (2)
j=1

=c H f()\Cffl) by Proposition 3.1. (5)
j=1

Let kALY (k € Q) be the leading term of f(\) so, since f does not have repeated
roots, we have that L = >, ;|4;]. Then f()\) = k:HlL:l (A —0;), where 0,



l=1,...,L, are the roots of f(\) and we have

n L
[Tr0a™ HA 0)(AGn = 01) .. (MG = 61)
=1 =1
! L
e lley

L

— (_1)Lnkn H()\n _ eln)

=1

which has degree nL so by (5) we have

deg(s1(\)...sn(N)) = nL. (6)
Now by (4) we have
deg(s1(A) - sa(N) = deg(h1(A) ... hin (V) + deg(g(\) (7)
where .
g() = II or—ap
S

This gives that for i € I, (A" — af") is a factor of g(\) of multiplicity |A;| so
deg(g(A)) =n ) ;cr|Ail =nL. Then (6),(7) imply deg(hi(A)...h,(N)) =0, so
for every j = 1,...,n we have that h;(\) is a constant, and therefore a unit. [

Note that in general the associated polynomial does not determine the Smith
form of a A-matrix. For example circz(1, A\, A?) has a Smith form diags(1, \* —
1,23 — 1) whereas circz(1, A + A\2,0) has a Smith form diags(1,1, A% + 3)\5 +
3A* + A3 +1). The hypothesis that C(\) is of the form (3) may be replaced
by the condition that the associated polynomial f(A(7) = py(x)(¢7) for all 0 <
j < mn —1. Such a weakening of hypothesis appears to be somewhat marginal,
however.

4. Circulant A-matrices associated with products of cyclotomics

In this section we consider circulant A-matrices of the form (3) where the
roots of the associated polynomial are roots of unity and are not repeated. That
is, for associated polynomials of the form

\) = H D4, (N) (8)



where r > 1,d; > 1, d; # d; for i # j. If we let m = lem(dy,...,d,) then we
may write (8) as

FO) =] ®a(r)@ 9)
d|

where
1 ifd di,...,d.},
5(d): 1 E{ 1 ’ }
0 lfdg{dlv"'vdr}v

and clearly we can write (9) in the form (8). Examples of A-matrices of this
form are

cire, (1, \, A%, ..., ™71 0,...,0) € QA]™*™, (10)
where n > m, and their associated polynomials are

LA+ A+ L+ A = [ 2a(V).
d
i

These appear in Problem 28, page 82 of [1], which asks for a proof that the
determinant is equal to

()\nm/(m,n) _ 1)(m,n)
A7 —1

(_1)(m,n)—1

(attributing the result to Oystein Ore). Theorem B will calculate the Smith
form of A-matrices of the form (3) with associated polynomial of the form (9)
and show that its diagonal entries are products of cyclotomics in A™; Corollary C
will apply it to the A-matrices (10).

By (9) we see that the set of roots of f is

B={¢|i=1,...,d—1,(i,d) = 1,d|m,é(d) = 1}. (11)
Now
FO] ®a=m—1)
dlm
and (A™ — 1) has roots ¢’,, i = 0,...,m — 1, so the set of roots of f is

B={¢ 1i=0,...,m—1,84(¢") = 0 for some d|m with §(d) = 1}.

With this in mind, we set M = m/(m,n),N = n/(m,n) and for each p =
0,...,M — 1 we define the sets

B, = {¢HM | 5 =0,...,(m,n) —1,®4(¢~M) = 0 for some d|m, §(d) = 1}
(12)



and it is clear that these form a partition of the set B. Furthermore, given
pw=0,...,M—1,if € B, then

6 = (urtaMn — g (¢ (mon) — e (13)
so each set B, (n=0,...,M — 1) is congruous with respect to n.

Also, if ¢!, € B is congruous to an element of B,, then ¢}, € B,,. To see this
note that ¢!, € B can be written ¢ o= M for some y/ € {0,..., M — 1},
je{0,...,(m,n)—1},so (¢)" = ¢ if and only if (" = (J** or equivalently

N — (N or CA]\/][(“ M =1 or (W —p) =0mod M, ie p/ = pso ¢, = M ¢
B,,. Thus the set B, cannot be properly contained in any other set of congruous
roots of f (with respect to n).

For each = 0,...,M — 1, let x(1t) denote any element of B,,. We collect
the sets B,, according to the ‘primitivity’ of x(u)™. That is, since x(p)" = ¢
is a primitive m/(nu, m)’th root of unity, we collect the sets B,, according to
the value of m/(nu, m), or equivalently according to the value of (nu, m). Now

{(npg,m) | p=0,...,M =1} ={(N(m,n)u, M(m,n)) | p=0,...,M —1}
={(m,n)(Np, M) | p=0,...,M -1}
= {(m,n)(,u,M) | n= O;"'aM_ 1}
={(m,n)D | D|M}. (14)
That is, the possible values of (nu,m)/(m,n) are the divisors D of M. We
partition the set {0,...,M — 1} according to these values. For each D|M,
defining

Cp={u | p="0,....M~1,(n,m)/(m,n) = D}
gives such a partition, i.e.
UpmCp ={p|p=0,...,M—1}. (15)
Proposition 4.1. [] . (A" = x(1)") = @aryp(A").
Proof.

IT " =xtw™ = I o -am

MGCD pn=0,....,M—1

(Nu,M)=D
= H (A" =) where v = Ny mod M

and the result follows. O



Proposition 4.2. Let D|M. If p,p/ € Cp then |B,| = |B,|.

Proof. Let p, /' € Cp. Then we have (nu,m)/(m,n) = D = (nu',m)/(m,n),
so (nu,m) = (nu',m). Hence there exists 1 < t < m, (¢t,m) = 1 such that
t(np) = (np') mod m. Therefore ¢(Np) = Np' mod M and thus tp = ¢/ mod M
(since (M,N) = 1), so tu = p' +rM for some r € Z. If (M € B, then
clptatt CriMt — cw'+i'M where j' = r + jt mod m. Now since (t,m) = 1
we have (u+ jM,m) = (ut + jtM,m) = (' +rM + jtM,m) = (' + j' M, m) ,
ie.

(' + ' M,m) = (n+ jM,m). (16)

Now since (/sHM € B, we have ®4(¢#T7M) = 0 for some d|lm with 6(d) = 1.
That is, ¢/T/M is a primitive d’th root of unity (where d|m with §(d) = 1).
By (16) we have that ¢ +9'M s also a primitive d’th root of unity so (% +i'M
B,s. Therefore we may define ¢ : B, — B, by t(d) = 6*. Then ¢/ H'M =
L(¢HHIMY 50 4 is onto; we now show that it is one-to-one.

Let ¢ = ¢itnM g, = ¢uti2M ¢ B, (41,42 € {1,...,(m,n) —1}). Then
t(01) = 1(02) if and only if Q(ﬂf*b)Mt = 1. This occurs if and only if (j; —
jo)Mt = 0 mod m, which occurs if and only if (j; — j2)M = 0 mod m (since
(m,t) = 1), which occurs if and only if (m,n)|(j1 — j2), i.e. j1 = j2. Therefore
¢ is a bijection, and the result follows. O

Therefore, for each D|M we may set
bp = [By| (17)

for any p € Cp. We can give a self contained expression for bp, which we shall
use in the statement of Theorem B.

Proposition 4.3. Let D|M. Let p=0,...,M — 1 satisfy (nu,m) = (m,n)D
(such a p exists by (14)). Then

bp={j17i=0,....,0mn)—1,m/(u+ jM,m) = d for some d|lm,d(d) = 1}|.
Proof. We have that p € Cp so the result follows from (12),(17). O

Proposition 4.4. For each j=1,...,n

IIT o =xw™ =] ®xpm>E?
u=0,..,M—1 D|M
|Bu‘>n_j
0 if bD <n-— j,

where A(D, j) = {1 if bp >n—j

10



IIT o =xwmH=11 II *"—=xw™ by (15)
p=0,....,M~1 DIM peCp
|Bu|>n—j |Bu|>n—j
II IIO—xw™ by @7
DlM neCp
bp>n—j
= H Prr/p(A”) by Proposition 4.1
DIM
bp>n—j
= H @M/D()\n)A(D,j).
DIM

Theorem B. Let m,n € N, set M =m/(m,n) and suppose
C(N) = circ, (c1(A™), Aea(A™), ..., A" e, (W) € QA ™

has associated polynomial

7 = [T @)@

dlm

where §(d) € {0,1} (d|m). Each D|M may be written D = (nu,m)/(m,n) for
some u=20,...,M —1; for each such D define

bp=Hjl7=0,...,(mn)—1,m/(n+ jM,m) = d for some d|lm,d(d) =1},
and for each such D and 1 < j <n define A(D,j) by

. P
A=) B
1 ifbp >n—j.
Then there exist unimodular matrices U(X), V(X)) € Q[A]"*™ such that
UNCNV(A) = 5(A)

where S(A) = diag, (s1(A), ..., sn(A\))where

si(A) = [ @ayp(A)2EPD
D|M

and S(X) is a Smith form (over Q[\]) of C(A).

Proof. Recall that the sets B, (1 =0,..., M—1) defined at (12) form a partition
of the set B of roots of f defined at (11) and each set B, is congruous with
respect to n by (13). Further, no set B, can be properly contained in any other

11



set of congruous roots of f (with respect to n) so there is no such partition into
fewer sets. Thus by Theorem A there exist unimodular matrices U(A), V()) €
Q[A]™*™ such that S(A) = U(N)C(A)V(A) is a Smith form (over Q[A]) of C(N),
where

S()‘) = diagn(sl(A)v R Sn()‘))

where for each j=1,...,n
ssv=" I " =xtw™
pn=0,..,M—1
IB}L‘>n_j

where x(p) denotes one element from B,, so Proposition 4.4 implies

si(N) = [[ ®ayp(A)2P2).
D|M

O

Corollary C. Let C()\) = circ, (1, A\, A2,--- AL 0, 0) € Q\]"*™ and set
M = m/(m,n). Then there exist unimodular matrices U(X),V(\) € Q[N\"*™
such that U(A)C(AN)V(X) = S(X\) where

M-1
S()\) :dlagn(]_7 71’ Z )\Jn’)\nM _ 17 7)\1'7,M _ 1)
——

n—(m,n) J=0 (m,n)—1

is a Smith form for C'(\).

Proof. The associated polynomial is

m—1
f()‘)=1+)\+)\2+~--+)\m71=/\)\j:H(I)d()\)a(d)
d|

where §(1) = 0, 6(d) = 1 (d|m, d # 1). For D|M with D = (nu,m)/(m,n)
(p=0,...,M — 1) we have
bp=Hjlji=0,....,(mn)—1,m/(u+ jiM,m) = d for some d|m,d # 1}|
={i1i=0,....(mn) =1, m/(p+jM,m) # 1}|
={ili=0,....(mn) =1, #0orj#0}
_{<m,n) if £ 0,
(myn)—1 if p=0.

Now p = 0 if and only if D = M so bp = (m,n) if D # M and bp = (m,n) —1
if D =M. That is, A(D,j)=0if1<j<n—(mn)orifj=n—(m,n)+1

12



and D = M, and A(D, j) = 1 otherwise, so Theorem B gives

s;(0) = I eayp(Am)2P?

D|M
1 if j <n-—(m,n),
— HD|M (I)M/D()\n) 1fj:n—(m,n)+17
D#M
1 if j <n—(m,n),

=SSO i j=n— (m,n) + 1,
AMHM -1 ifj>n—(myn)+1.
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